









































































































































































































































































































































































































































































































































f$mectioees aRdikkeitedagcoorcdiwaatesof theegegxsewtbyekefegiowingffeXatiopt '.
x(g)= Åë1 ({Il;>xionI.Åë2(g})x2+Åë3(ig)x3 \(2.a4\)
wheifeigSs- animtriitsiccoordiiflktedefined oftboundaryeXemewt, 'whichvafiesbetweeit
-- gandi. epi (g>,Åë2(ig)andÅë3(ig)are expfessedas




g\(k.>- dii (&)gji+Åë2(ij>g,2."Åë3(ig.>gi \(2.a6\)
wkereeeji,esf. ',es//,qji,gJ2•andg//cofttaift thenodalpotentialand fiaxrespectively.inorder
























Thediseretizatioitofthe bouftdaryintegrai shasbeendisc"ssedand next,emphasis
iwigx begiventothe domaiftintegragsofthesourcestrengthsby the sameproceduxe.Xnthis
step thequadratieskgrfaceegement asshowflinFig.23is used to wtodekhegeognetxryand
the variationsoftkes"rfaeepotentia;andff asxfespeetivegy.For the domaifidiseretizations
ofEq. \(2.i3\)thecoofdinatesof pointsXoeatedwithineack eegS sti canberepressedbythe
foXllowiftg eeqasatxoit.
\(2eII2\)O\)
where ig(lg;i.,ig2)isangntriwsic coordimatedefigeedondomain. xk (k =g,2eee,g\)Theceor-


















.4. k\(i- igi)(i+&2)(" &i+ig2-i>























gxRexets.'g"keis BEMiscafiged ehecllassicaXeffcemeventioitagbo"pmd aryeSexxientftxteShod.
p
gfEqs \(:}.aSl\)-\(2.1':7\) aRd ]l!kg. \(l22\)e23\) are seebstit"ted iitto E\(igt e \(2.13\),ehefoXgowgngequa-
gRoncanbeobtaiRed as
NE 3 IVE 3 M 8
c,ee,+EE h41ut.IJJ :E kgijq 4J E: dsc \(2.24\)






d4..ij .* (ig)Åëk(g) 6\(ig- ) digi dig7e---bl


















h21 c2+h22 "ee hrw es2
=
hNl hN2 e"e cN+hNN esN
gil g12 eee gIN gl bl
g21 g22 eee g2N 92 +
b2
\(lil!\)e26\)
gNl gN2 eee gNN 9N bN



























































































































































































ahe followgitgthefunctionfisa ppffoxigrrkatedbytheutiNziitg ghecontgnue"sdfistribwtion
offthe delltEitfueectiext\(thelliite soggrce\).ORthegineseurce, the streitgtkoftkelifteso"rcefis





















































tionaK apptfoxRmatioitaitdthediserete integraE method.Theseexamplesaxe:
g. AppxoxigKftatioptoffunctienwtigiziitg thepoant. soaxree.








Ffomthetable3.1(a),the wes"ksare ooxxfit paredwithexaetsolutionandtheyagree
with' eachethew4figures.B"eit is werthmeotiagthatwhen y-.o,thenumerieagresultsare
netgeedandehetwaxi#xigaxxeemrer gsli!e)`#•.:k991o. Fromixtabge 3eg(b)y=O.062SO,thediscrete
iwtegralaxxethodwtiNziRgehepeiwtsoeweedoesRots"it foxthisproblems.Theasgmerieal
wesuttsayecompafedwithkheexaetsoiution asshowgeinFigs3.4(a)r-3.4(h).Itisevideftt
thatthediscreteintegraRtwethod wtiMziasgthe pointsoaxwce isnotappaicabgetothegenefaE






Figtwe33: Squaffeffegtono f thefuncgionaEappsoxigxkatioxt
31
Tablle 3.it(a) :Thefuitctgemealappffexigkktion
wkenf\(x,y> =siit\(X 2Y\)gwtdutillizgng tkkepointsoewce.
x .i,ir EXAer RESULTS
v
o.s -O.5 -o.7e7i -O.7oni
o.s 05 O.7071 O.7on1
o o O.CXKX\) -- 2.TE-g6
e.s D.S A7071 -O.7071












































































































Thef$nc•tiowaa appffoximatiee wtigizRRgth eginesouweeisgsedforthesatwepffobgexifk
asgheexagRple1.TheNneg.oeerce isshown inFig.3.2.rErhe pteemixeriealresedtsareshewRin





x Y E/XAer RELqULTS
o.s e.s O.7071orss -o.'7o71ocig
o.s O.5 O.7oni\(I>68 O.7ovi\(I>68
o o o -2.ms-16
s.s e.s a7on'gcxsg O.7on1068d














































































































































































Thediseffeteintegvag ffxRetkod watigizfigeggk etiResource is presewtedforthe keatceit-
dmpctiept eqkxktgonwitha keatso"ffee imetwodijtwepmskofisas skowfl iptFige3e6eFOr gkisstudy,
tkte heat cond"ctioftequatioitettit bedescribed as
wr2T+b=eift su \(3e"#'O\)
















ffpmtftxisexampge,the heat se"reebisseRectedasb<x,y>= -cos(ww!2)cos(scy/2)andthe
fiimeso"reesareehosen astftkefoifgftofFig.3.2,wkichis dgstributedeveniyoitthedo-
magit.Tkereare4eeexmeewtsORtheeipteso"rceaptdtheftugxiber eftkegineso"fcegsW.The
res"gtsaifeshewptiRffrg.e. 3e7 aftdgabXe3.3ftfldarecogxkpared xwiththeeiassicagBEMte
















































































































































































































here.gt isj"stbasiccoftsx 'derationneeded fofgifkerecompRicatedprobiems.Deflectienofa





























































































































































































































































the other kands tke ptefidividimgscheKif]ek ogds goodagsogntkiskiitd oflloadwithtkehegp
ofthe epefffttfiepmof degtafagpmcgierm{44] as feg]ows.
gfi erder eocorwertaconeemetratedmaoxg\)entge3d,Mo,into q\(x>,distrib"tionofmo-
Etrxeitt ma<x>awadslaear ferce[<x>git d"cedby Moshougdbedetermained.The eyaregxveft as
foggews:
M<x>=Mosgn<x-xo>+ex+es (`g•.S7)
Q\(x>= dM=du Mob<x-xo>+a \(4.Sg\)
Wherexo is gocatiopt oftkegnomeRt goad, arecofistantsregatedtoboundary
coft ditkeft ThentheeqwivagewtexternaR force,g(x),areobtaiitedas
9(x) de.M did= dx ox(X-xo) \(4eS9\)
Aecoxdiagto thedifferentiation formugaofdeltafuRetionE`$kg], theintegfationterwxs















kskewidbeitotedthatth is gx}aniterdoes netykeXdapmyiptcreaseinadditioitag"xt-
kmeowits.
age2evZto3.AhamewtedkbegestagesE`;gs-$]g`:gnfim9]
latreatingabeam withnsteps asshowninFig.4e3, theusaalformuaationagso
fequirestkedividingscheme,inother wofds' additioRaifoux unknowensattheemodebe-





















WhereLiiscoordimateefigh steppednede (1$i st\)andW*iistheundetermiftedweigh\(
f"Rckioitforekeithseggnentein asirwigajrwaywith theuni-spaNbeam,theweightfunctioft
istakeenindepeptdentay.inorder toderive theequatioftsof shearfoffceeandgnomenttwat
aninterioffpointpi,thefuRction W6ofeqxgktioit \(4.gg\)andWMofeqk}atiofi(4.g9)are
empgoyedastheweightfuftctrioms.S bIRce theyare comgxkenthroughaiMheseggx\)eRts,all
t.heintermediatevaXuese(Li) andM(Li) ftrecaftcelied.Fina Eiy,theycanbeexpressedin
'u
tkegnatrixforgnasfoiiows:
ec\)i\)-[N]:g[21-,L q(x)w6(x,pi >du•( 4i$,pi$L i)(4e63)-
Mapi\)-[K]SE21+mM(O>+M(L) fu\(x,pi>dx, \(4FPi$Li\)\(4e6"#'\)
Wherethegnatrices[N],[K] &Rd[L]are coefficieRtsrelated totheweightfunctionsand
o"are1Å~2masxze.
+
KfthewwreigktfunctionW,*• isreplaced bythe fupmction W"e,Ofequation(4.20)with
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mewtioadasshowptiasFig e 4.4.Res"ltsfrojtwboththeconventiomagandthe presentcom-
putgfigsystemsas weNastkeircomputipmg timaearegistediRTa bXe4.2.Sincebotksystems
gavethesameresults theitewalgoritkrr] isprovedtQbevalid.Coixk ""ep"tmagtEmaexscut
dewpmgftarateef 3bout E/i6inthekew system.inadditioen,red"ctien inmeumbersof












AwaaitaaysgsexatwpgeasskowitiitFgg.4.S.ftswtSgizedift our verificatioge eftheptew















MoIPL <il)/PWL*(Eofo/PL3) eL"(Eoio/PL2) Tigne\(s>
Tkeoxetgcaig go.3gag o.6a3rgCorwewtiowaig.OOOO MemmOe39as"#' Oe62ms 12
PresewtX.amO g.o\(moa.3g62g o.6a37a Oe6
74
TabAe4A:Reskxktsofxton-pmsmaatcbeaminFkg. 4.6
two/IPL e,!P WL*\(Eo2o/PL3\)WLt*\(EoiolPL3\) eL* \(Eeie!PL2\) eLl* \(EoioIPL2\)
Theeretscaalg l 1 2.74S3O.g3333 2.i760 i.s
jF"xesent 1.cooo 1.Crm 2.74S3O.g3333 2.I760 1.sooo
TheRextexaaxxple is asitwigarbeagxxwithchangefulri gidity .Thebeamiscomposed
oftwosegne"ts, a eonstantpartandafiopt-prtsxtxaticpaptas ShOWutiitFige4e6e
Thebendingmigidigy ifith enoit-prismaticpartehaRgeswith a Riiteaffuitetiell ef oequataon
\(4e82\)\(b=-2!3andc'--513\) .ItcoineideswiththecoxtstaRtpairt atthejoint.As previously
imentioned, itisReediess todividethebeamintotwopieees eveninsucha probiemac-
cording to thepifeseittformulatiowa.Th eresuksarelistediit Tabae4.4together withthe











e\(o> e\(4 Q(e) Q\(L>






















































































































eeTeeT=o e+oxaxoyoy (gitsu ) \(Se1\)
k-f\(pt (inst ) \(S.2\)
wkere Tisthetexnperat"re, K-isthethermagcon ductivityaptdfisthefaxnctioftthat ex-
pressestketewtperaturedependeRceofthetherg]}al eon\(Euctivity.1if"hebouRcilary conditions
ewegivenasfoggews:
DSscichgetfseogeditioit: TzzTo \(onL\) 63\)
0T
k=Ne"maanit'seeptdiSgopt: 9oOn \(opmr2\) \(S.4\)
OTk=
Robim"scopmditioit: \(onr3\) \(s.s\)
ThegovemaingEl<g.(S.a) gspteRlifiearbeca"seof thetegxxperaturedependence ofthe
thergnalcoitd"etivity. However,itcanbegincargzed"simgtheKirehhoff'stransformadon
\(Se6\)










































































































































































































































g 2 3x 4 s
FigureS.3 : Dgstributiortof Temperature
'TkeaftaEytgcagRrtdpt"merieaEres"lts are showRgftTabae 5.gand F"gg.S.3. Thefiumerieag
fesugtsaxecempared witk theexactsolutions.rfirabEe S.iand Fig. Se3 showthatthey
agreedwitheachothex morethan4fig"res.































thediscreteintegraEffnethod isappgicable.Theptew equatioitshaig be solvedinsteadofthe
originaSeqEiation.Forthe vo}uwteintegration, nottheiwtem3gelement b"ttkeintex'naEdiscrete
poiwtsandtheboundary conditioitareputtouse.
2.Entkeefie-digxRensSofia# andtketwo-diExftensionalp robllem[fts,thebokxR daryiwtegraleqasation
ajredergved. AsetofsigximpEtgmaeouse\(g"ationaresogved byth eNewtoit-Raphsoitmethod.
3e ThisapperoaekisitotrestrictedbytbetemperatuLxed epeftdeneeofthe heatcond"ctgvity.
4.kotheepte-dimensional probgexExtftxepm"gxaericagresults kffeobtainedandcegx?paredwithexact
valaxes.Tkesefesugtsskew ellxattkeenumeericalsoivtgopms haveadeqa]ate accuracy.
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Cenffte1ffER$
ÅëoNcmeLismoNs
ERshisghesis,ancwappfoaehispifopesedforgkefwnetionagapproximation.The
fuficgiofiisappfoximatedbywtigizingdiskribwtio"ofShedeRtafuutctiowa.Usingthisfuxtc-
tiofiaiapprexiasxationthediscreteintegralmethodisdeveiopedforthegeneraiiRtegrai
awadthedomaiRintegral.ThisdisexeteintegraamaeghodisegwapgoyedinthebeRdingpyob-
gemagfbeaffifxawadthesteadystaeeheateonductioRprobgeiee.Themeaknworkandeencbe-
sionsaresummarizedasfo11ows:
inehapterft,affeviewofpubliskedaiteratufeandoutKneofthisthesisafepre-
sented.AkkoggheheGalerkintensowmaethodisappliedtoeXastacpfoblemsandgivesac-
eaxratefesutts,iecamebeusedoniyfofagimitedfaRgeefthecoRstantand1inearforoes.The
dualreeipffocgtyteehRiqueeansolveawiderangeofproblemsbut"suallyffequiresasig-
ftificantmampmeberofinternaipointsefpolestorepresewtthesolutionaecurately,Inoxderto
avoidthefequireevxewteftheaocagizedparticularsoaution,themaxkiplexecipfocieymethod
isdeveloped.'grhisappfoaehRotonEyisegxii>loyedindRffefeRttypesofbodyfofces,but
aRsoisaxsedfortkeotherdoenniainintegral.Howevew,thisdualreciprocityinetlxo\(}needsa
sequeneeofhigherorderfgndameRtalsoXutioms.Rnthediscreteintegfaimethod,thefun-
daffifgentaEsokwkgonsoflowefoxderisusedforthegreatKxxewtefthedomaiRintegral."rchis
appffoackkssignpaewthanMRM.Agthoughthesteadystate"oniiRearheatcondgctionequa-
aionwggkkaeexxperatuffedependenceofthermaaeoeedneegvityeanbesogvedbyKRrcftxhoff's
transformatRon,thEsinversetraRsformationRscegltpEicated.Whenthermaleenductivityis
deseribedeptEybygimeaff,expt>waeewtiagaRdpowerfuRegiomskntermsofteffRpefature,aeniethod
eq
bythe"seofthepteNyvvari3bgecaRbeexxRployedinekisprobgem.Ontheotherhand,the
discreteSntegralgxkethodcawtbeappgiedtoanykgndofthergx}agconductivityanddoesflot
needtkeEueverseKirehhoff'stifansfergxgatiofi.
ffgechapteff2,thekindandckaffacteristicoftheBEMaredescribed.Thebouftdary
egementgtr?ethodkasadvftntageovexotheritumericagtechnique.Thegoveriiingdifferen-
tgaSeq"atioitofPoissogepifebiegxxintkegwodiKKkemsiomsistfansfofmedintointegragequa-
tioR"stwgfapmdagxkentagsog"tion.TheftuxnericEsllimpgementationisdiscussedindetaii.
Tkeqgadratgcshapefunctioitsandtkequadratics"rfaceeiementareused.Thedomain
integralisevaguatedbyusingaseriesofsurfaceceEEs.
'inchapter3,thebasictheoryofthefunctioma1approximationutilizingthepoint
sourceaptdtrkegimeesetwceisdeseribed.inthistheerythefunctgoitisexpressedbythe
bo"ftdaryeeanditioptandthestreptgthofthepointsourceorthelinesource.Vsingtheline
seufee,theR"maerieagresuStsagreeswiththatbytheexactvalaxesimthetwodimensioms.
UsiRgtkisfuftetioitalapproxigxxatioeetkediscreteintegra]xnethodisdeveloped.Thegen-
eraiintegfalorthedemaiitiittegrageagibeexpressedbythebo"ndaryintegralandthesum
ofthevagexesattheinteriorpoints.Tkediscreteintegraftmethodusingthe1ineso"rceis
ftppEiedtethekektcoitd"ctiopmequatiortwithaheatsokgrceinthetwedimensiomsbyBEM.
TkeR"inerieaares"RtsbythisapproaehagfeewitkthatbythecgassicaXBEM.'rhismethod
"sesthegowererderfkendamentagsolutioftsothatitissimpierthanMRM.
Xitchapter4,ThefiewalgoffithmswithoutthedividiRgschemeareestabXishedfor
bendingproblemsofthecoRtiit"e"sbeamincg"dingtheinhomogeneoR}sbeambytheBEM.
TheconventiopagallgorithrrltsoftkeBEMforthebendingproblerrksofcontinvousbearn
areifteffxeieRtgmdhavesevefaXpeimtstebeimprovedupen.Mainpointsofthisstudyare
summarizedasfoXgows:
g.T'hefoesffxulatieitpfoeessisiaxipwovedtoderivethesystegxkefsignultaReo"seqaations.
Asafeswies,gkeyarereformedtobetwgchmoreeompact.
2.rff'henendivgdieegsehefixxegsesttkbEishedeowtrarytothedividingscheme,wkgehisneeded
inghecowavewtiomaEfermeeg3tRoRentftxeoceasionsofsiExxplysupportingpoint,steppedbeaxxg,
twkroenrsogempeoagsbeaxxk(imetudiEangdiseowtiitagousgychaRgefaxErtgidity)andeoeecepttrated
9S
maefixkentgoad.'
3.AgenerkgschetwefortreatiRgtheinlaogxtogefteeusbeaffxxiitcl"diitgthosewithdiscon-
tipm"o"saychamegefulrigidityXsestabgished.
4.Wkextgmaexgeff-gkagfereeexists,tkedogMikiitintegralgsperfergKgedbythediscfeteEitgegral
gxftetkod.1ifhedoffxkaiftipttegraiisexpressedbytheboundarycenditionaRdtheskerifaofsome
vag"esattheiwternaXpoints.Thedom[itaiitisitoedividediRtoceggs.
Frogxkptuxtrxericagexanxpges,therightnessofthenewaigorithwtisvergfged.Th.esenew
algorithmsgreatXyred"cedshesizeofmatrixaswegEasthecognputingtimeand,therefore,
'
broughtabo"thighefficiencyonthefepetitivecaic"iations.Asaresult,thiswiligivea
gewcostferoptimagdesigngitdaiiywork.
inchapterS,inorderteavoidtheeognpiexinversetransforrrxEgsingKirchhoff's
.. .--
transform3tion,afiditheEgmitatiofiofthreeeasesoftheghermaEcoitdasetivityusingamethod
bykkeuseeftkefiewvasiabge,tkedisereteiwtegrakgxkethedisattemptedtoappgytethe
ftonMnearkeatconductioftprobaegn.ThenoitXinearequatioutistransformedkwtoaReq"iva-
iewtforwftsothatitispossibgetoappgythediscreteintegraigxkethodtothisform.Forthe
voiutweiRtegrai,theiwternaidiseregepointsarepaxttouseoRly.ThisRewapproachis
swttablefoifa"yformofheatc•optduc•tivity.rff"hismetkodissimpiewandhastheadvaR-
tagesofwetai*iwagthepriReipagehawaeteristicsofBEM.Theoumericalffesukscoxnpared
withexactfesuksshowthattherwmericagsogwtionshaveadequateaccuracyintheone-
digTxensio"aiprobletws.ThispffoblemwillbecarriedouthereafterintheSwoandthree
dimensi"mps.
Rnb#riief,thefunctionkasbeenappfoximatedbyutillizingdistributionofthedeltafuRc-
tioR.UsiAgthisfunctionaaapproximatgonthediscfeteintegfalgnethodhasbeenproposedto
tffeatthedoffnainiRtegwaiorthegeneragintegralaRdappliedtoehebendingprobaemofbeam
andtheftxeateonductioRpwobgemfi.NwamericaXcaEcutationhasbeencarifiedoutanditisshown
thatresuttsobtainedbythepropesedtwethodhavegoodce"vergencyandadequateaceuraey.
9{S
AswecNDMX
\(g\)wbeeeffeetwerwgeffdieefitaffee#meetgopge
Enekgstinesis,weasseeagky"segkedeatafasncgionSodea#withbempdkngproblempof
beaixxandgheotherproblegxks.imthisappendix,wewallexpgainthefeatureofdeltafunc-
tioitindeSaiR.FwogptChapter2,weobtaincheequationof:
d2ua" \(x,p\)=-6<x-p\)
Wkefeb\(x-p>istheDiracdeggafunetioitwhichismathemaigicaglyeqljivalenttothe
effecSefaagmitcowaeerktratedsoewÅíeapp#iedatghepeingp.rff"ftiefundamaewtagsoagtioRisa
p3ftaougawsoawtienoftheadjointfgrmoftgkediffereReialequation.UsiRgthefvndafi]gental
soautiowhiwatheformugatieft,igispessibaetggreatapfoblemaonlyontheboundary.The
fuptdiaxwaeitgagsotwtionlhasameimpoertaittreRationshiptoDirae'sdistrftlbutRgn.Diwac'sdistri-
buttioitisageftefalizedfgRctioRwhiehhasasharppeekatx=p,awadiszewoexceptthis
eP"geet:
Eeisdefiitedas
oo(x=p)b<x-p>=(A-g)e<x#p>
Wkeref(x)isafunctioptvvhgckrgscewtin"oeesatx.,,pgMi]dflp)gsthevagueoff(x>atthe
poimgx=p.fi\)ivac'sdfistgrfibatgeancanbeexpgaimedimphysicaExtrkeanings.ForexampEe,im
jmaeckewaics,fiecaaubeexpgaimedasacoitceptratedforceactedonapogntpofanSjnfimite
on
paage.Tkfispoiptiscaaaedsowwcepoiftt.Againsttkis,anypointxinthefiegd is cagged
ebservktiganpoSwt.Bywsimgehefek&eweefdegtafasptctgoftexpertay,wecawareadigy d .ergve
gkeineegralleqasatiogencededfiittheBEM.
\(2\)geedieerxgitEteggeseggeagfifiueecgeedifieegsfigwaffeeeecgfi$wa
sganisthesigfifuitctiopt.Wheitx<p,sgn<x-p)=-g;Whellx>p,s.qgk(x-p) =g .The
feaXowingiwtegagcafibeobtainedwiththesigflfuftctieftinsimpgestyge.
f(x)s.eqi(x-p>du=F(x)sgn<x-p)
-F<x>2b\(x-p>du
=F<x>sgn<x-p)-2F<p>6(x-p>du
={F<x)-Fip>}sgn(x-p>+e \(A-4\)
Wkereeisaceastant.kissktisfiedthefoiXowingeq"atioit.
b<x-p)du=-lig-sgn(x-p)+e
\(A-S\)
Efttkee>euedimgprobgegx)sofbeaffff],gkecomstawtcisdefine(gaszero.
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